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BOUNDEDNESS OF FRACTIONAL OPERATORS
ON L7 SPACES WITH DIFFERENT WEIGHTS
BY
ELEONOR HARBOURE, ROBERTO A. MACIAS AND CARLOS SEGOVIA

ABSTRACT. Let T, be either the fractional integral operator [f(y)|x — y|* " dy, or
the fractional maximal operator sup{r*~"f,_, <, If(¥)| dy: r > 0}. Given a weight
w (resp. v), necessary and sufficient conditions are given for the existence of a
nontrivial weight v (resp. w) such that ([|T,f|% dx)/9 < (f|f|”w dx)"/? holds.
Weak type substitutes in limiting cases are considered.

1. Introduction. Let T, denote either the fractional integral operator

L) = [ fD)x =yl "y, 0<a<n,

or the fractional maximal operator

M,,f(X)=SUPr“_"f lf(y)dy, O0<a<n.

r>0 [x—y|<r

For the case of a = 0, M, f is the well-known Hardy-Littlewood maximal function.
Sometimes we write Mf rather than M, f.

In this paper we give necessary and sufficient conditions on a weight w (resp. v)
for the existence of a nontrivial weight v (resp. w) such that

(1) [ s dx)w <[ Lot ax

holds for suitable values of a, p and q.

In §2 we state and prove these characterizations for the case T, = M, by a
constructive method. The results obtained for M, are used in §3 in order to prove
the characterizations corresponding to the fractional integral operator /.

For a given «, the pairs (p, ¢), for which our results are proved, satisfy the
conditions: 1 < p <00, 1 g<o0 and 1/9 > 1/p — a/n with the exception of
the pair (1, n/(n — a)). For this exceptional pair we obtain analogous characteriza-
tions replacing (1.1) by the weak type inequality

J;

o) dr < (5 [ 170x) )

where E, = {x:|T,f(x)| > A}.

1/p

)

)n/(n—a)
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630 ELEONOR HARBOURE, R. A. MACIAS AND CARLOS SEGOVIA

Forl<p<ow,1<g<oand1l/q<1/p— a/n, we show in §4 that if v > 0
or w < oo almost everywhere, then (1.1) holds only if the other weight is trivial, i.e.,
w = oo or v = 0 a.e. on R". The analysis of the case ¢ = oo will appear elsewhere.

As one may expect, the crucial step is to prove the results for the pairs ( p, q)
satisfying 1/q = 1/p — a/n. This is done in Theorems 1 and 3.

J. L. Rubio de Francia [8] considered inequality (1.1) for 7, = I, and p = g, i.e.

L"|Iaf(x)|Pv(x) dx < /If(x)lpw(x) dx.

By using vector-valued inequalities he obtained characterizations for 1 < p < oo and
partial results for p = 1. The case p = 1 was completed in [2]. E. T. Sawyer [9] also
considered this type of inequality, but his range for p and ¢ is more restricted than
ours. Results in this direction for the Hardy-Littlewood maximal function can be
found in [1, 4 and 7].

Now we introduce some basic notation used in the sequel. As usual, R" is the
n-dimensional Euclidean space. The open ball centered at x with radius r will be
denoted by B(x, r), and sometimes we write B, instead of B(0,1). Given a set 4, x 4
will stand for the characteristic function of 4. The conjugate exponent p’ of p is the
number satisfying 1/p + 1/p’ = 1. Finally, given a weight v and a Lebesgue
measurable set A, we write v(A4) to denote [, v(x) dx.

2. The maximal operator M,. We begin by giving a characterization of the weights
w(x) for which there exists a nontrivial weight v(x) satisfying

|ftms1eo| " < c| finrw]”

for suitable p and gq.
For this purpose we state and prove some auxiliary results.

LEMMA 1. Let g be a nonnegative and locally integrable function, and a such that
0 < a <n. Then the operator M, is of weak type (1,n/(n — a)) with weights
[Mg]}~*/" and g, respectively, that is to say,

8((x: Mof(x) > M) < ¥ fismagr )

PrOOF. For f € L} .(R") and A > 0 we define E, = {x € R M, f(x) > A}. By
using a Besicovitch type covering lemma it is possible to find a sequence of balls
B; = B(x;, r;) such that

'}a‘"/ [fI>A and xg < ZXB, <C,
B,

where C is a constant depending only on the dimension n. Then we have

/Ef < Z fB'g < )\"/‘““”’Xiln'"(fyig)(fmlfl

)n/(n—a)
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Since for x € B, the average r;”"[5 g is dominated by CMg(x), it follows that

n/(n—a)
[e< W“'"’Z( / IfI[Mg]“"/”)
Ey i \"B;

NPPRTCEL)
<c(x fimgl =)
as we wanted to prove. O

LEMMA 2. Let 1 < p < oo and let w be a nonnegative and locally integrable function
such that M(w™?/?) < o0 a.e. and [ w™?/? > 0. Under these conditions the weight
u=[M(wP/P) Pxp with B > p — 1 satisfies

(Jimastmw) " < e, frw)

for every a and q such that0 < a < n/pand1/q>1/p — a/n.

PROOF. Observe that if 1/r > 1/p — a/n =1/q, using Holder’s inequality we
obtain

Jimsrwr < of fimrerr)”

Then we need only consider the case 1/q = 1/p — a/n. The argument is similar to
that given in [1] for the Hardy-Littlewood maximal function.
LetE, = {x € R: M(w™F/?)(x) < 2*}. We define

T.f= Ma(fw_p'/p) *XE,-
We shall prove the inequality
1/q
21) (fims1) " < 2 fiswrre)
Applying Lemma 1 for g = 1 and fw™?"/? instead of f, we get

1/p

, n/(n—a)
(Tf > M) 1< (X fomr 7o ax]

This shows that T} is of weak type (1, n/(n — a)) for the measures w™?/? dx and
dx.
On the other hand, for any r > 0, Holder’s inequality gives

l1-a/n
,.a—nj; [flwP7P < (r-nfB( )w-p'/p) (/Ifln/aw—p'/p)
x,r

Therefore, by definition of the set E,, we obtain

a/n
ITif < 2407/ figprow o)

Applying now Marcinkiewicz’ interpolation theorem (see [10]) we obtain (2.1).

a/n

(x,r)
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Substituting fw?"/? for fin (2.1), it follows that
(22) [ a1 < o2t fusiew) .
The assumption that M(w~?/?) < oo a.e. implies that R” — US E, | = 0. Therefore,
Jorer = ([« X[ | as
0 W\Ex—1

Taking into account that [pw- P/P >0, it can be easily seen that u =
[M,(w™?"/P)]"Bx p is a bounded function. Then, we obtain

0
i < ¢ & i (g1
k=0 E
Using (2.2), this inequality implies
f[Maf]‘luq/p < C (/|f|”w) 7 Z 2-ka(B=p+1)/p_

Since 8 > p — 1, the geometric series above is convergent. This ends the proof of the
lemma. O

LEMMA 3. Let w be a nonnegative function. Assume that for 0 < a < n and
1 < p < o0, the condition

f w-P/P g CRO"OP
Ix|<R

holds for every R > 1. Then, given a nonnegative and integrable function g supported
on B, and 0 < q < oo, there exists a finite constant C such that

(f[Mah]"g)l/q < C(f|h|1’w)l/p

holds for every function h such that hx p,, = 0 a.e.

PROOF. Observe that for x € B, there exists R > 1 such that

1/p
M,h(x) < CR"—"fB(0 R)lhl < CR“‘"(f|h|"w) (fB

Then, using the hypotheses on w and g, we have

1/p’
w—p’/p) .

(0. R)

(f[Mah]"g)l/q < C(flhl”W)w -(fg)l/q < C(flhl”w)l/p. O

LEMMA 4. Let p, v be two measures defined on R". Let T be a sublinear operator of
weak type (r,s), 1 < r, s < oo, with measures dp. and dv. Then given t, 0 < t < s,
there exists a finite constant C such that for any subset A C R" with v(A) < oo, we
have

Jimrvar < cotay = furan)

where C depends only on t, s and the weak type constant of T.
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For a proof of this Kolmogorov type inequality see [3 and 5]. O
Now we are ready to prove the announced characterization.

THEOREM 1. Let w be a nonnegative function which is finite on a set of positive
measure. Let 1 <p < oo, 0<a<n/pand 1/q=1/p — a/n. Then the following
conditions are equivalent:

(a) There exist a nonnegative function v which is positive on a set of positive measure,
and a finite constant C = C, , such that

(23) (ftmariee) < c firiw)

(b) There exists a finite constant C such that for every R > 1,

1/p

/ w P /P g CRO=P
|x]<R

holds.

PROOF. (a) implies (b). Without loss of generality we may assume v is integrable
and supported on the unit ball. Let w,=w + ¢ and f=w;?/? - x g ¢,. Given
z € B(0,1) and R > 1, we have the estimate

M,f(z) > CR*™" fB o R)w;"'/l’.

Therefore, (a) implies

1/q 1/p
R " / we"’/”)(f v) <C(f we"’/") .
B(0, R) B(0.1) B(0, R)

Since the last integral is finite we obtain
f WS-P’/p < CR—oF',
B(0, R)

Letting £ go to zero, by Fatou’s lemma, we get (b).

(b) implies (a). Without loss of generality we may assume w™?"/7 is not equal to
zero a.e. on B,. Given a function f, write f = f; + f,, where f; = fx p(2)-

To deal with f;, consider the function w(x)(1 + |x[)*"~*?. Simple computations
show that this weight is integrable and hence it satisfies the hypotheses of Lemma 2.
Therefore, if v is defined as

P/ = [M(w""/”(l + |x|)2(a~n)p')]‘/3 “Xa,»
by Lemma 2 we get
1/
(2.4) (f[Mafl]"v)l/q < c(fml"w 1+ |x|)2‘”‘“”’) < C(flfl"w)

Let us consider f,. Applying Lemma 3 with & = f, and g = v we get

23) (fimsre) " <l firrw)

Combining (2.4) and (2.5), we obtain (a). O

1/p
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REMARKS. 1. Observe that in proving (a) implies (b) we did not use the condition
1/q=1/p — a/n. Therefore if (a) holds for any 0 < a<n, 1 <p < oo and
0 < g < oo, then (b) holds for the same values of « and p. O

2. Observe that, if, in Lemma 2, instead of the function u, we consider u, =
[Mw~=P"/?]"Fx 5. r)» the conclusion remains valid with a constant depending on R.
In the case 1/q = 1/p — a/n the constant behaves like R"~®#/?_ Following the
steps of the proof of (b) implies (a) in the last theorem with uy instead of u, we get
inequality (2.3) with weight vz = /" and constant CR® for some s > 0. Clearly vg
is supported on B(0, R) and it is positive there. These observations allow us to
construct a weight positive everywhere and satisfying (2.3) by taking

v= [M(w‘P'/P(l + |x|)2(a-")p')]-ﬁ(1 + |x|)_N

for 8 > p — 1 and N large enough. Moreover, we can get an estimate on the size of
v, since for § > 0 and small enough, it satisfies

fv's(x)(l +|x) " 'dx < 0. O

The preceding results can be extended to other values of a, p and g. To clarify the
statements we introduce the following notation. To any given pair («, p), such that
0 <a<nandl < p < o0, we associate a real interval as follows:

{g1<sg<n/(n—0a)} ifp=1,
Q(a,p)=({q:1<qg<np/(n—ap)} ifl<p<n/a,
{¢:1<q< o} ifn/a <p < .
With this notation we have

THEOREM 2. Let 1 < p < 00, 0 < a < n, g € Q(a, p) and w a nonnegative func-
tion, finite on a set of positive measure. Then the following conditions are equivalent:

(a) There exist a nonnegative function v which is positive on a set of positive measure,
and a finite constant C such that

(f [M.,f]"v)l/q <c(fisrw)

(b) There exists a constant C > 0 such that:

Ow(x)> CA +|xP* "ifp =1,

(ii) forany R > 1, [, g w777 < CR""9P ifp > 1.,

Moreover, in the case p = 1 and q = n/(n — a), (i) is equivalent to the existence of
a v satisfying the corresponding weak type inequality, i.e.

(2.6) v({M,f>A}) < C(A“fmw

PRrOOF. (a) implies (b). If p > 1 the implication follows from Remark 1 after
Theorem 1.

Let p = 1. Without loss of generality we may assume fB.U = 1. Clearly for
x € B0, R), M, f(x) > CR*™"[p¢, gyl f|. Hence, by using (a) we obtain for R > 1,

J1fixs0.m < CX7= [If1w.

1/p

) n/(n—a)
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Thus, if g is any function in L'(R") and f = gw™!, we get

fgw—l)(B(O.R) <f|g|W_IXB(0, R) S CR"_"‘f|g|,

which implies
“W_IXB(o_R)”w < CR"™™ forR>1

This clearly implies (i).

(b) implies (a). Consider first the case 1 <p <n/a. If g, = np/(n — ap) the
result is contained in Theorem 1. Observing that the weight v constructed there is a
bounded function with compact support, we have, for any g < g,

Jims1eorse < cf fimee)”,

which implies the assertion.

Suppose now that n/a < p < o0. As in Theorem 1 we write f = f; + f,, where
fi = X0,

To deal with f; we first observe that there always exists y, 0 < y < n, such that
1/q > 1/p — y/n > 0. This follows by taking vy close to, but smaller than, n/p. For
this y we have 1 < p < n/y and q € Q(y, p). It turns out that y < a. Therefore, w
satisfies (ii) for y and p. Then we may apply the previous case, obtaining an
integrable weight v supported in B; and satisfying

[J0s1%) " <l frre) "

Then the desired estimate for M, f, follows from the inequality
X8 M of1 < CM, f;.

The estimate for f, follows from Lemma 3 for h = f, and g = v.

Finally, we consider the case p = 1. We shall first prove the weak type inequality
(2.6) from which we will derive (a) using the Kolmogorov inequality (Lemma 4).

Clearly we need only prove the assertion for w(x) = (1 + |x])*~". For this we just
take v(x) = (1 + |x|)"*D, which is a nonincreasing and integrable function. There-
fore, Mv(x) = (1 + |x|)~". Using Lemma 1 we have

oM7) > ) < (§ ity =)™ < (€ fism

Let ¢ < n/(n — a). Applying Lemma 4 with measures dp = wdx, dv = v dx and

A = R" we obtain
(f[Maf]‘iu)l/qs c(jv JI2

This last argument also shows that the existence of a v satisfying the weak type
inequality (2.6) implies (a) for p = 1 and ¢ < n/(n — a), which in turn implies (i) as
we have seen before. O

)n/(n-a)

)1/4—('1—01)/"
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Next, we shall characterize the weights v for which there exist a nontrivial weight
w and a finite constant C satisfying

1/q
(f[Maf]"v) < C(flfl”W)
for suitable a, p and q.

We shall introduce some auxiliary maximal functions similar to those used by
Gatto and Gutierrez in [4].
Let f be a locally integrable function, 0 < a < n. We define

1 = a—n
M(x)= sup r /B 171,

0<4r<|x|+1 (x,r)

MZf(x) = sup r“-"fB( i
zZ,r

0<3r<|x|+1
XEB(z,r)

M f(x)= swp ronf )
|x|+1<4r B(x,r)

Since we will use M§ frequently in the sequel, we write  instead of MZ(g). With
these notations we have

LEMMA 5. Let f, g be nonnegative and locally integrable functions, 0 < a < n,
n/(n—a)<q<oo and 1/p=1/q+ a/n. Then there exists a finite constant C
such that

(2.7) (f[M,:f]"g)l/q < c(ff”g"/")l/p
Moreover, forq = n/(n — a),

(28) g({M;f> A}) < (%ffgl-—a/n)n/(n—a)
holds.

PRrROOF. We define the operator

T.f = M. (fg*").
Let E, = {x: T, f(x)> A}. By using a Besicovitch type covering lemma, it is
possible to find a countable family of balls B, = B(x;, r;) such that

4r<Ix|+1, Xg <Lxs<C and re"[ fzo/" >\,
i B;

Therefore,

Ji¥

[ g<X[s< ZA‘”/""“"rJ”( B
Ey i °Bi i

n/(n—a)
B )

1

1]
Since for x € B,, §(x) > r;"[p 8, it follows that

vl

)n/(n—a) )n/(n—a)

< C()\'lffg
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This shows that T, is of weak type (1, n/(n — a)) with measures §dx and g dx,
respectively, implying, in particular, (2.8).
On the other hand, applying Holder’s inequality, we have

e B (f f"/“g)"/",

which proves that T, is of strong type (n/a, oo) with the corresponding measures.
Applying the Marcinkiewicz interpolation theorem, we obtain

(fizrs) " < c(fr) ",

or, equivalently,

([(1] ")W <¢( ff"gp/q)l/p

This proves (2.7). O

THEOREM 3. Let v be a nonnegative function, different from zero on a set of positive
measure. Let 0 < a<n, n/(n—a)<q< oo and 1/p=1/q+ a/n. Then the
following conditions are equivalent.

(a) There exist a nonnegative function w finite on a set of positive measure, and a
finite constant C such that

|/ [Maf]"v)w <c(firiew]

1/p

(b)
fv(x)(l +1x) " dx < o0.

PROOF. (a) implies (b). There always exist a ball B = B(0, R) and a function f,
supported on B, such that [|f|?w < oo and [g|f| = 1. It is easy to see that for this
function f, the inequality M, f(x)> C(1 + |x])*™" holds. Hence, condition (a)
implies fv(x)(1 + |x])*"™9dx < oo.

(b) implies (a). According to the definitions of M} and M2, we have M, f < M}f
+ M2f. Now, using Holder’s inequality, we obtain

M) <+ 1) ([P + 150 dy)l/p( fa+i® dy)W.

By choosing 8 > n/p’, the last integral is finite. These estimates together with
Lemma 5 give

(Jimar10)” < e fot+ =) fuara + 10 @

+cfifpsre < cfifirw,
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where w can be taken as w(y) = [6(y) + (1 + |y|)#9]?/4. Since v is locally integra-
ble, w is finite almost everywhere. O

REMARKS. 1. The proofs of (a) implies (b) and of the boundedness of M as an
operator from L?(R", wdx) to LYR", v dx) remain valid for any «, p and g such
that0 sa<n,l1<p<owandl g oo O

2. For N large enough, the weight constructed in Theorem 3 satisfies

fw(x)(l +1x) "V dx < o0.

To prove this, it is enough to show that [57/9(x)(1 + |x|)~Vdx is finite. To see this
let I =[1, 2),v,=vx,(|xR)ifi=1,2,...;09, = UX (0,2)- It is easy to check that
0, is supported on B(0,8) and §; is supported on the set of x such that 272 < |x| <
2*3_ Therefore, since p < g, we have

o0
f 57/9(x)1 + |x) Vax < C Y 27V f 5274,
i=0 B(O, 2i+3)
Since M¢ is of weak type (1,1), applying Kolmogorov’s inequality (Lemma 4), the
right-hand side is bounded by
o p/9q (a=m) p/q @
cYy 2'<"—"P/q—N>(fvi) < c(fo(x)(l +1x|) "dx) Y, 2itnp=M),
i=0 i=0
which is finite if N > np. O
As in the case of Theorem 1, the preceding result can be extended to a wider range

of p and q. It will be convenient to associate to any given pair (a, ), 0 < a < n, and
1 < g < o0, a real interval P(a, q) defined by

{p:1<p<oo} ifl<qg<n/(n-a),
P(a,q)={{p:1<p <o} ifg=n/(n- a),
{(p:gn/(n+aq)<p<ow} ifn/(n—a)<g<oo.
Using this notation we state

THEOREM 4. Let 0 <a<n, 1 < q< o0, p€ P(a,q) and v be a nonnegative
function different from zero on a set of positive measure. Then the following conditions
are equivalent:

(a) There exist a nonnegative function w, finite on a set of positive measure, and a
finite constant C such that

f [M.,fl"v)vq <c{fifiew]

fv(x)(l +1x)* T dx < o0.

Moreover, in the case ¢ = n/(n — a), p = 1, the existence of w satisfying the weak
type inequality

(2.9) o((Muf>0)) < (5 fisme

is equivalent 1o Supg,; R™"[pg gy0 < 0.

1/p

(b)

)n/(a—n)
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PROOF. (a) implies (b). This implication follows from Remark 1 after Theorem 3.
(b) implies (a). We first consider the case n/(n — a) < g < o0 and p € P(q, q).
By Theorem 3, if p, = qn/(n + aq), there exists a nontrivial weight w such that

(Jim1)™" < cfuspom

Using Holder’s inequality we get

(/[Maf]‘iv)l/q < C(flf(x)l"w(x)”/p"(l T ) oeeo dx)l/p

This proves (b) implies (a) in this case.

Let us now consider 1 < ¢g<n/(n—a), p € P(a,q) and p > 1. Then there
exists 7, 1 < r < oo, such that 1/p — a/n < 1/r <1 — a/n. By an application of
Holder’s inequality we have

f[Maf]"v < (f[Maf]’(l + |x|)s’/"v)q/r(f(1 + |x|)—6r/(r—q)v)

Choosing 8 = g(n — a)(r — q)/r, it follows from (b) that the last integral is finite
and the weight v,(x) = (1 + |x|)®"v(x) satisfies

(r=q)/r

/vl(x)(l +1x)) """ dx < oo.

Therefore v,, r, p and « satisfy (b). Since r > n/(n — a), applying the previous case,
we can find a nontrivial weight w such that

(fims1eo) " < ol frsrre) < e furew)

Finally we consider p = 1. Let ¢ < n/(n — a). As before we estimate M, by
M} + M. Clearly

1/p

Mf(x) < C(L+1x)" " i)

Therefore, if v satisfies (b) we obtain

@10)  flmr o< fin)( fa+ 1m0 o) a5 < cfint
On the other hand, inequality (2.8) of Lemma 5 gives
(2.11) o({ M > 1)) ( [inigt-ern
Let us take A, = By, A, = {x: 287" <|x| <2*} if k=1,2,...; x4 = x4, and

f« = fx, Observe that the support of M,f, is contained in a ball B, with finite
radius. Then, applying Kolmogorov’s inequality to (2.11), one obtains

(ka[Mih]qv) . c/|h| A-a/n

)n/(n—a)
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Therefore

(f[M.}f]"v)l/q < ;(I[Mjfk]qv)l/q < §Ckf|fk|5x-a/,,
= [ir( L coxe)o-er

The last estimate combined with (2.10) gives (a) for w =1 + &~ */"%, C,x,. To
finish the proof of the theorem suppose that the weak type inequality (2.9) holds. As
before, we take f such that M, f(x) > C(1 + |x|)*™" and [|f|w < oco. Then, using
(2.9), we get
o({x: (1 +1x)* 7" > A}) < CN/emm,

But {x: (1 +|x)* "> A} =B(O,X/ "™ —1) for A <1. Therefore for R > 1,
JoX o,ry < CR™

Conversely, if v satisfies the last property we may apply (2.8) to estimate M( f).
Since we also have M2f < Cy(1 + |x[)*~"[|f|, assuming [|f| = C;' we obtain

o({x: M2f(x) > A}) <o({x: @+ x)*" > A}).
Now, if A > 1 the last set is empty, so we need only consider A < 1. In this case the
right-hand side is bounded by v(B(0, X/*~™)), which is less than or equal to
CN'/(@=m by assumption. Then, taking w = 1 + # =%/ we obtain the weak type
inequality (2.9). This concludes the proof of the theorem. O

3. Fractional integral operators. As in the preceding section, we shall begin by
studying the weights w for which there exists a nontrivial v satisfying ( |1, f|%v)"/4
< C([|f)Pw)!/? for suitable a, p and q. A characterization of this class of weights is
given in the following theorem where we use the notation introduced in §2.

THEOREM 5. Let w be a nonnegative function finite on a set of positive measure. Let
0<a<n1l<p<o,q€ Q(a, p). Then the following conditions are equivalent:

(a) There exist a nonnegative function v, different from zero on a set of positive
measure, and a finite constant C such that

(firriw) " < e firrw)

(b) (@) fw(x)77/P(1 + |x) "™ dx < 0 if p > 1,
(i) w(x)= CA + |x)* "ifp = 1.
Moreover, the existence of v satisfying the weak type inequality

(1) (101> A)) < (5 fifw

is equivalent to (ii).

1/p

) n/(n—a)

PROOF. (a) implies (b). Without loss of generality we may assume [ v = 1. For
any locally integrable function f, if | x| < 1, we have

(LIFD(x) > [IF(I + 19D " dy.
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Then, (a) gives
a—n Vp
Jiroa -+ @ <<l fisrew)

or, equivalently,

Uo7 b < fisr)

Therefore we obtain
Jw) TP+ ) dy < w0 forp > 1

and
w(x)> C+|x))*" ae.forp=1.
(b) implies (a). Without loss of generality we may assume w™'x p, 18 positive on a

set of positive measure. Let us decompose f = f; + f,, where f; = fX p(02)-
First we estimate [, f,. It is clear that

(32) L folxs, < CfIAD)IA +1y)* " dy.

Then, for any integrable function v supported in B;, we have

(firire) “ < i+ 1007

Up , NNV
<C(f|f|"w) (fw"’/”(l + 1y "“’) ifp>1

or

1/q
(firs10) " < i+ )"y itp = 1.

Therefore, if w satisfies either (i) or (ii), we have

/9 1/p
(3.3) (firtiee) < ¢ fisiew] ™
In order to estimate I, f; we shall make use of the following inequality (see [6 and

9]), valid for ¢ > 0 and small enough

(34) L1 < C[M,_.f- My, 177,
where C depends upon ¢ and a.
We first consider 1 < p < n/a. Let us define the function W by

W) = w(y) /(4 1)
Thus, if w satisfies (i) the weight W is such that M(W ~?/7) < oo a.e. Therefore, by
Lemma 2 the weight V = [M(W ~7/7)]"Px ; satisfies

(35) (f[MYf] ’V'/P)l/r < C”,_,(flfV’W)

for every y and r such that 0 < y < n/p and r € Q(y, p).

1/p
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Lete>0,a;, = a — ¢ a, = a + & If € is small enough we get 0 < a; < n/p. Let
41, g, be such that 1/q;, =1/q9 + ¢/n, 1/9, =1/q — ¢/n. It follows that ¢, €
0O(a;, p). Therefore, (3.5) implies

1/p

(/[m.1] "'vi)l/q' <c(firrw) "

where v; = V%/7P.
Then, applying (3.4) and Holder’s inequality with exponents 2¢,/q, we obtain

firgrenr < cf [ 1%0) " [0, 0) " < o firew)

In particular, applying this inequality to f; we have

(36) (firrire) < ¢ fiarw]

withv = V9/P,
In order to finish the estimate for 7, f; we need to find a v satisfying (3.6) for the
casesp = 1 and n/a < p < o0. Clearly for any 6 < a we have

(3.7) . filxs, < (Is|f1|)XBI-

It is easy to see that if 0 < a < n and g € Q(a, p) there exists ¢ > 0 such that
0 <a-—2¢and g € Q(a — 2¢, p). Moreover, if w satisfies (b) for (a, p), w also
satisfies Theorem 2(b) for (a, p) and (a — 2¢, p). Therefore, applying that theorem,
there exists a nontrivial weight v, integrable and supported in B;, such that

/29,

1/p

1/p

(/[Mvh] q”)l/q < C(f|h|1’w) , Yy=a,a— 2¢.

Then, by using (3.7), (3.4) and the last inequality we obtain

(38) [l Al < C[[L-dfill 0

<ol i nie){Juoann)” < frrw]

Putting together (3.3), (3.6) and (3.8) we get (b) implies (a), as stated.

It remains to consider the case p =1, ¢ = n/(n — a). Assume w satisfies (ii).
Writing, as above, f = f; + f,, (3.2) shows that (3.3) also holds in this case with, say,
v = xp. Thus, we need only prove (3.1) for f;. But, since I, is of weak type
(1, n/(n — a)) with Lebesgue measure, we have

n/(n—a)

(x: ((af )} > A1 < (%/W)W—a) < (%flfll(y)l(l + Iyl)“_”dy)

Then (ii) implies (3.1) for v = x ..
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Finally, if there exists a nontrivial weight v satisfying (3.1), since we may always
assume v is integrable, we can apply Kolmogorov’s inequality (Lemma 4) to obtain

fingiw)” < cfirpe
/

for 1 < ¢ < n/(n — a). Since, for these values of g, (a) implies (ii), the proof of the
theorem is complete. 0O

The next theorem gives a characterization of the weights v for which there exists a
nontrivial weight w such that I, is a bounded operator from L?(w dx) to L9(v dx).

THEOREM 6. Let v be a nonnegative function which is different from zero on a set of
positive measure. Let 0 <a <n, 1 < q <o and p € P(a, q). Then the following
conditions are equivalent:

(a) There exist a nonnegative function w which is finite on a set of positive measure,
and a finite constant C such that

(firsee) < ¢ fisrea]

1/p

(b)
/v(x)(l +1x) " dx < oo0.
Moreover, for g = n/(n — &), the existence of w satisfying
C
(39) o((1f>A) < (5 fifw

is equivalent to supg,, R™"[p g0 < .

)n/<n—a>

PROOF. (a) implies (b). There always exist a ball B = B(0, R) and a nonnegative
function supported on B such that [f?w < oo and [f = 1. For this function we have

Lf(x)> (R+ lxl)“‘”/Bf> C(1+x)*".

Then using (a) we obtain (b).

(b) implies (a). We first suppose 1 < ¢ < n/(n — a). Let us take ¢ > 0 and define
a, = a — ¢ a, = a + & By choosing ¢ small enough we have 0 < a; <n, 1/ > 1
— a;/n and, hence, P(a;, g) = P(a, q). Moreover, the weights

vy (x) = o(x)(1 +[x)* and vy(x) = v(x)(1 + [x)™
satisfy Theorem 4(b) for the pairs (a;, 9), (a5, g), respectively. Therefore there exists
a nontrivial weight w such that

(/[Maif]qvi)l/q < C(/|f|Pw)1/p,

Using (3.4) we obtain
q/p

firsrosc(f {Ma,f]"vl)m( / [Mc.zf]qu)l/z <c(funew)

which proves (a).
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Suppose now n/(n — a) < g < . We take as above € >0, a; =a — ¢ a, =«
+ &. We also define ¢; and ¢, by 1/q, =1/q9 + ¢/n,1/q, =1/q — ¢/n. Taking ¢
small enough we can make 0 < a; < nand 1 < g; < oo. Moreover,
1/g=1—-a/n ifandonlyif 1/¢,=1- a;/n,
1/¢>1-a/n ifandonlyif 1/¢;,>1-a,/nand1l/q;+a n=1/q+ a/n.
Therefore P(a;, q;) = P(a,q). Taking now &, = eq,[1 — g(n — a)/n] and §, =
-eq,[1 — q(n — a)/n), we have that the weights v,(x) = v(x)(1 + |x])% satisfy
Theorem 4(b) for the pairs (a;, g;). Therefore for p € P(a, g) we can find a weight
w satisfying

(3.10) (f[Maif]q'v,-)l/q' < C(f|f|”w)l/p, i=1,2.

Again using (3.4) and Holder’s inequality for 2g,/q we obtain

Jirug10 < € [ Mo 161+ 1) %0 x)

) q9/2q

q -02q2/q 2
-(/[Mazf](x) 21+ |x|) 02 v(x)dx) .
Taking 8 = eq[n — (n — «)q]/2n, the last term is equal to

ol fMa 1) ([ Tm10)

Then, using (3.10), (a) follows.

Finally let ¢ = n/(n — ) and p = 1. First we assume that for R > 1, fvx p( g, is
smaller than a constant times R" and define a; and ¢, as above. Then we can apply
Theorem 4 to the weight v for the pairs («;, g;) to obtain a weight w and a finite
constant C satisfying

(3.11) o({ M, f>1)}) ( f|f|w) .

Now it is not difficult to see that given any § > 0 and e small enough we have the
estimates

Hafix) =[SO = i dy| < CB(M,, f)().
A =[S =yt dy) < GO (M, f)(x).

Therefore
o({1Lf1> N)) < o({ M, f>A/2C8°}) + v({ M, f> A/2C8"¢}).
Hence (3.11) implies

(1> A < c|(§ fum)" + (2

= firw) |

Then taking § = (X°'/|f|w)?/", we obtain (3.9).
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Conversely, if v and w satisfy (3.9), an argument of the same type that we used to
prove the necessary condition for (2.9) in Theorem 4 shows that v satisfies
SUPrs1 R™"fporyv < 0. O

4. Comments. I. We would like to point out that the corresponding conditions (a)
in Theorems 4 and 6 are equivalent to the seemingly stronger conditions:

(2’) There exist w < co a.e. and a finite constant C such that ([|Tf|%)"/7 <
C([|f1?w)'/? for T equals to M, or I, respectively.

Clearly (a’) implies (a) in the corresponding theorems. On the other hand, if the
weight v satisfies either Theorem 4(b) or Theorem 6(b), it is easy to see that the
weights w constructed in proving them are finite almost everywhere, which gives (a’).

Similarly conditions (a) in Theorems 2 and 5 are equivalent to:

(a”’) There exist v > 0 a.e. and a finite constant C such that

(4.1) / qul"v)W <[ finr]

for T equals M, or I, respectively.

As before, it is obvious that (a”) implies (a). To prove that (a) implies (a”), since
we already know that (b) is equivalent to (a), it is enough to show that (b) implies
(a”). Let {Q, } be a partition of R" into cubes. If w is almost everywhere finite on R”,
and proceeding as in the proofs of Theorems 2 and 5, we can get for every k a weight
v, supported and positive on Q,, such that

1/p

190, dx < (flflpwa'x)q/p.

Multiplying these inequalities by 2~* and adding them up, we get that v = £2 %, is
positive a.e. on R” and satisfies (4.1). This proves (a”). In fact, if w is not necessarily
finite almost everywhere, but satisfies condition (b) of either Theorem 2 or Theorem
5, the weight w, defined by wy(x) = w™(x) 4+ (1 + |x])™" also satisfies (b) for 7
large enough. Clearly, w; < w and w, is finite almost everywhere, which reduces the
problem to the previous case.

II. Now we want to discuss the range of values of p and ¢ for which the results
have been established. We already pointed out that the proofs of (b) implies (a) in
the preceding theorems were valid without restrictions on p and g. In the next
theorem we show that either (a’) or (a”’) cannot hold for pairs (p, q), 1 < p, g < o0,
other than the ones given in Theorems 2, 4, 5 and 6.

THEOREM 7. Let 1/q < 1/p — a/n. Consider the inequality
1/p

(42) ([|T,,f|qv)l/q <(fisew)

where T, is either I, or M. Then:

(i) There exist w < o0 a.e. and a nonnegative v such that (4.2) holds only if v = 0
a.e.

(ii) There exist v > 0 a.e. and a w such that (4.2) holds only if w = 0 a.e.
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PROOF. In order to prove the theorem it is enough to show that for any given pair
of weights v and w such that the set E = {x: v(x)> 0} N {x: w(x) < oo} has
positive measure, (4.2) is false whenever 1/q < 1/p — a/n. Under this assumption
on E there exist a number N and a ball B such that the measure of the set G = {x:
x € B,v(x)> N7, w(x) <N} is positive. Let x, be a point of density for G.
Without loss of generality we may assume x, = 0 and B = B,.

We shall prove the theorem for the case T, = I,. The proof of the case T, = M, is
similar.

Let B be a number satisfying 1/9 < (B8 — a)/n<1/p — a/n and let f(y) =
|17x(»)- Let |x] < 1. Then,

Lf(x)= /G I Blx — ylo " dy > fG 1B+ 1y)* " dy

> [x2 78 [1e17B (1 + 1) *"xo (1xle) dr.

Since 0 is a point of density for G, given 1 positive and small enough, there exists
8 > 0 such that r="|G N B,| > 7 holds for every 0 < r < 8. Therefore,

Lf(x) > |x|*~# fl A" X (1)
> C|x|* #|{t: t|x| € G, t € B }|
= Clx|*"A|x|""IG N B,gl > C'nlx|*~.
By definition of the set G, we have
fl]af|qv dx > N“fllafl"dx > N-l(c'n)"f|x|<“-ﬁ>q dx.
G G

Let &(r) = [|B,| — |B, N G[]*/". The assumption that 0 is a point of density for G
tells us that &(r)/r tends to zero for r tending to zero. Thus, since |x|*~#9 is a
decreasing function of | x|, we get

/|x|(a-B)q dx >/ |x'(a—ﬂ)q dx > |x|(a-ﬁ)q dx
G GNB,

e(r)<|x|<sr
= Ce(r)(a—ﬁ)q+"[l _(r/e(r))(a—ﬂ)lﬁnl ,

which tends to infinity for r tending to zero. This shows that the norm in L9(v dx) of
I, fis equal to infinity.
On the other hand, from the definition of 8 we have 8p < 1. Therefore,

Jirirwax < N[ |y dy < o,
Iyl<1

showing that f belongs to L?(w dx).
The estimates obtained show that (4.2) cannot hold. O
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